The aim of this paper is to give characterizations for uniform and exponential dichotomies of evolution families on the half-line. We associate with a discrete evolution family Φ = {Φ(m, n)} (m,n)∈Δ the subspace X 1 = {x ∈ X: Φ(·, 0)x ∈ ∞ (N, X)}. Supposing that X 1 is closed and complemented, we prove that the admissibility of the pair ( ∞ (N, X), 1 0 (N, X)) implies the uniform dichotomy of Φ. Under the same hypothesis on X 1 , we obtain that the admissibility of the pair ( ∞ (N, X), p 0 (N, X)) with p ∈ (1, ∞] is a sufficient condition for the exponential dichotomy of Φ, which becomes necessary when Φ is with exponential growth. We apply our results in order to deduce new characterizations for exponential dichotomy of evolution families in terms of the solvability of associated difference and integral equations.
Introduction
This work is motivated by the important progress made in the last decades in the study of the exponential dichotomy of the non-autonomous evolution equationẋ(t) = A(t)x(t) and the connections with the existence of solutions of the equationẋ(t) = A(t)x(t) + f (t) in Banach spaces (see [3] [4] [5] ). In recent years this problem was treated in the unified setting of evolution E-mail addresses: sasu@math.uvt.ro, lbsasu@yahoo.com. families, the exponential dichotomy being expressed in terms of the solvability of difference and integral equations associated with an evolution family (see [1, [6] [7] [8] [9] [11] [12] [13] [14] ).
The input-output techniques were always important tools in the investigation of the asymptotic properties of evolution equations. These methods have a long and impressive history that goes back to the works of Coffman and Schäffer (see [2] ), Coppel (see [3] ), Daleckii and Krein (see [4] ), Massera and Schäffer (see [5] ). In recent years new characterizations have been obtained for exponential dichotomy of evolution families on the half-line. For a discrete evolution family Φ = {Φ(m, n)} (m,n)∈Δ one associates the difference equation We note that the implications (ii) ⇒ (i) and (iii) ⇒ (i) work for general discrete evolution families without requiring exponential growth (see [7, 11] ) and also that in the second implication mentioned above the assumption p q can be removed (see [11] ).
For the general case of evolution families U = {U(t, s)} t s 0 one considers the integral equation
with v ∈ I (R + , X) called the input space and f ∈ O(R + , X) called the output space and one
The recent characterizations for exponential dichotomy of evolution families on the half-line (see [7] [8] [9] 11] ) may be stated as: Theorem 1.2. Let U = {U(t, s)} t s 0 be an evolution family on the Banach space X. Let n ∈ N * , let p, q 1 , . . . , q n ∈ [1, ∞) with min{q 1 , . . . , q n } p and let
The following assertions are equivalent:
is admissible for U and the subspace X 1,C 0 (R + ,X) is closed and complemented in X; (iii) the pair (C 0 (R + , X), C 00 (R + , X)) is admissible for U and the subspace X 1,C 0 (R + ,X) is closed and complemented in X; A new step in the study of the exponential dichotomy on the half-line was made in [8] where Van Minh, Räbiger and Schnaubelt obtained the equivalence (i) ⇔ (ii) (see Theorem 4.3) employing an evolution semigroup technique. Using discrete-time methods, this result was generalized in [7] where we gave discrete and integral characterizations for exponential dichotomy of evolution families on the half-line, and thus we deduced the equivalence (i) ⇔ (iii) (see Theorem 3.2). The result was also extended for the case of nonuniform evolution families in [6] , where we have shown that even in the nonuniform case the admissibility gives important information concerning the exponential dichotomy.
The equivalence (i) ⇔ (iv) was recently proved by Van Minh and Huy in [9] (see Theorem 3.1), where the authors pointed out the valuable perspective of characterizing the exponential dichotomy in terms of L p -spaces. Using distinct techniques, we have extended their result by means of discrete and integral characterizations in [11] (see Theorem 3.3), where we have deduced the equivalence (i) ⇔ (v). There, the hypothesis min{q 1 , . . . , q n } p was used only to prove the necessity.
The theorems presented above cover the cases of admissibility treated in the existing literature. The present paper brings into attention new cases and gives complete answers. We study both uniform and exponential dichotomy of evolution families on the half-line, presenting a unified treatment for these two concepts and pointing out the connections between diverse concepts of admissibility and the corresponding concepts of dichotomy. First, we will analyze the discrete case in terms of the solvability of a difference equation associated with a discrete evolution family. We present the connections between the uniform dichotomy of a discrete evolution family Φ = {Φ(m, n)} (m,n)∈Δ on a Banach space X and the admissibility of the pair ( ∞ (N, X), By an example we show that generally the admissibility of the pair ( ∞ (N, X), 1 0 (N, X)) is not a sufficient condition for the exponential dichotomy. Next, we characterize the exponential dichotomy of discrete evolution families in terms of the admissibility of the pair
Supposing that X 1 is closed and complemented in X, we deduce that the admissibility of the pair ( ∞ (N, X), Finally, as consequences of our results we obtain new characterizations for exponential dichotomy of general evolution families in terms of the solvability of associated difference and integral equations. Denoting
, we prove that an evolution family U = {U(t, s)} t s 0 on the Banach space X is exponentially dichotomic if and only if the pair (C b (R + , X), V (R + , X)) is admissible for U and the subspace {x ∈ X: U(·, 0)x ∈ C b (R + , X)} is closed and complemented in X.
Admissibility and uniform dichotomy of discrete evolution families
Let X be a real or complex Banach space and let L(X) be the Banach algebra of all bounded linear operators on X. The norm on X and on L(X) will be denoted by · .
Let N be the set of nonnegative integers and let Δ = {(m, n) ∈ N × N: m n}. Throughout this paper we denote by χ A the characteristic function of the set A.
, for all (m, n) ∈ Δ, then we say that Φ is with exponential growth.
Definition 2.2.
A discrete evolution family Φ = {Φ(m, n)} (m,n)∈Δ is said to be uniformly dichotomic if there exist a family of projections {P (n)} n∈N and a constant L > 0 such that for every
is an isomorphism and the following inequalities are satisfied:
Notations.
which is a Banach space with respect to the norm s p = (
lim n→∞ s(n) = 0}. We have that ∞ (N, X) is a Banach space with respect to the norm s ∞ = sup n∈N s(n) and c 0 (N, X) is a closed linear subspace of ∞ (N, X).
Let Φ = {Φ(m, n)} (m,n)∈Δ be a discrete evolution family on X. We consider the difference equation
with γ ∈ ∞ (N, X) and s ∈ 1 0 (N, X).
For every n ∈ N, we consider the linear subspace
Throughout this section we suppose that X 1 := X 1 (0) is closed and complemented in X, i.e., there exists a closed linear subspace X 2 such that X = X 1 ⊕ X 2 . For every n ∈ N, we denote 
Then γ s ∈ Λ(N, X) and an easy computation shows that the pair (γ s , s) satisfies Eq. (E Φ ). The uniqueness of γ s is immediate. This shows that Q is correctly defined. Obviously, Q is linear and it is easy to see that Q is closed, so it is bounded. 2 
Proof. (i) Let n ∈ N * and let (x p ) ⊂ X 1 (n) with x p → p→∞ x. For every p ∈ N we consider the sequences
Since x p ∈ X 1 (n) we have that γ p ∈ ∞ (N, X), for every p ∈ N. We observe that γ p (0) = 0 and the pair (γ p , s p ) satisfies Eq.
we deduce that
From relation (2.1) it follows that γ (k) = Φ(k, n)x, for all k n. Then, taking into account that γ ∈ ∞ (N, X), we obtain that sup k n Φ(k, n)x = sup k n γ (k) < ∞. It follows that x ∈ X 1 (n), so X 1 (n) is closed. Now, let n ∈ N * and let (y p ) ⊂ X 2 (n) be such that y p → p→∞ y. Then, for every p ∈ N there is w p ∈ X 2 such that y p = Φ(n, 0)w p . Let
Then δ p ∈ Λ(N, X) and a simple computation shows that the pair (δ p , u p ) satisfies Eq. (E Φ ). It follows that δ p = Q(u p ), for every n ∈ N. Let u : N → X, u(k) = −χ {n} (k)y and let δ = Q(u). Taking into account that
It follows that the sequence (w p ) is convergent and δ(0) = lim p→∞ w p . Since X 2 is a closed linear subspace we have that δ(0) ∈ X 2 . Then, from
which shows that w ∈ X 1 . It follows that w ∈ X 1 ∩ X 2 , so w = 0. This implies that x = 0.
Step 2. We prove that X 1 (n) + X 2 (n) = X, for all n ∈ N. Let n ∈ N * and let x ∈ X. We consider the sequence s : N → X, s(k) = −χ {n} (k)x and let γ s = Q(s). From γ s (k) = Φ(k, n)γ s (n), for all k n and γ s ∈ ∞ (N, X) we deduce that γ s (n) ∈ X 1 (n). Since γ s (0) ∈ X 2 we have that Φ(n, 0)γ s (0) ∈ X 2 (n). Then from γ s (n) = Φ(n, 0)γ s (0) − x we obtain that x = (−γ s (n)) + Φ(n, 0)γ s (0) ∈ X 1 (n) + X 2 (n). It follows that X 1 (n) + X 2 (n) = X, for every n ∈ N. Using Step 1 and (i) the proof is complete. 2
The main result of this section is:
Theorem 2.2. If X 1 is closed and complemented in X and the pair ( ∞ (N, X), 1 0 (N, X)) is admissible for the discrete evolution family Φ = {Φ(m, n)} (m,n)∈Δ , then Φ is uniformly dichotomic.
Proof. Let n ∈ N * and let x ∈ X 1 (n). We consider the sequences
We have that γ ∈ Λ(N, X) and a simple computation shows that the pair (γ , s) satisfies the difference equation (E Φ ). It follows that γ ∞ Q s 1 = Q x , which shows that
Since Φ(1, 0)X 1 ⊂ X 1 (1), using (2.2) we obtain that
where L = Q (1 + Φ (1, 0) ).
Let now m ∈ N * , let x ∈ X 2 and let
Since δ(0) = x ∈ X 2 we have that δ ∈ Λ(N, X). An immediate computation shows that the pair (δ, u) satisfies the difference equation (E Φ ), so δ = Q(u). This shows that
Since m ∈ N * and x ∈ X 2 were arbitrary, we deduce that
Because X 2 (n) = Φ(n, 0)X 2 , for all n ∈ N, and L Q , from (2.4) we obtain that
From Theorem 2.1 we have that X 1 (n) ⊕ X 2 (n) = X, for all n ∈ N. For every n ∈ N, let P (n) be the projection with Im P (n) = X 1 (n) and Ker
is an isomorphism. Finally, from relations (2.3) and (2.5) we deduce that Φ is uniformly dichotomic. 2
Exponential dichotomy for discrete evolution families
Let X be a real or complex Banach space and let L(X) be the Banach algebra of all bounded linear operators on X. Definition 3.1. A discrete evolution family Φ = {Φ(m, n)} (m,n)∈Δ is said to be exponentially dichotomic if there exist a family of projections {P (n)} n∈N and two constants K, ν > 0 such that Φ(m, n)P (n) = P (m)Φ(m, n), the restriction Φ(m, n) | : Ker P (n) → Ker P (m) is an isomorphism, for every (m, n) ∈ Δ, and the following inequalities and satisfied:
The natural question arises whether the admissibility of the pair ( ∞ (N, X), 1 0 (N, X)) is a sufficient condition for the exponential dichotomy. Generally, the answer is negative, as the following example shows: Example 3.1. Let Y be a Banach space and let X = Y × Y , which is a Banach space with respect to the norm
Then Φ = {Φ(m, n)} (m,n)∈Δ is a discrete evolution family on X and
is closed and complemented in X. We prove that the pair
We define the sequence
we deduce that γ ∈ ∞ (N, X). An easy computation shows that the pair (γ , s) satisfies the equation (E Φ ), so the pair ( ∞ (N, X), 1 0 (N, X)) is admissible for Φ. But, for all that, Φ is not exponentially dichotomic.
Let Φ = {Φ(m, n)} (m,n)∈Δ be a discrete evolution family on X and let p ∈ (1, ∞]. Proof. Let X 2 be a closed linear subspace of X such that
, according to our hypothesis and Theorem 2.2, we deduce that Φ is uniformly dichotomic with respect to the family of projections {P (n)} n∈N , where
and Ker P (n) = Φ(n, 0)X 2 , for all n ∈ N. Let L > 0 be given by Definition 2.2. Using similar arguments as in the proof of Proposition 2.1, we have that for every s ∈ p 0 (N, X) there exists a unique γ s ∈ ∞ (N, X) with γ s (0) ∈ X 2 such that the pair (γ s , s) satisfies Eq. (E Φ ). Moreover, denoting Λ(N, X) = {γ ∈ ∞ (N, X): γ (0) ∈ X 2 }, we have that the operator Q p :
let K = Le and ν = 1/h.
Step 1. We prove that
Let n ∈ N and let x ∈ Im P (n). We consider the sequences
, for all k n + h and x ∈ Im P (n), using relation (3.1) we deduce that γ ∈ ∞ (N, X). We have that γ (0) = 0 and an easy computation shows that the pair (γ , s) satisfies the equation (E Φ ). It follows that γ = Q p (s). In particular, this shows that
We observe that
and
Then from relations (3.2), (3.4)-(3.6) we obtain that
Since n ∈ N and x ∈ Im P (n) were arbitrary, it follows that
Let (m, n) ∈ Δ and x ∈ Im P (n). If m = n + kh + r with k ∈ N and r ∈ {0, . . . , h − 1}, then using relation (3.7) we deduce that
Step 2. We prove that
Let n ∈ N and x ∈ X 2 . We consider the sequences
Since δ(k) = 0, for k n + h + 1, and
we have that δ ∈ Λ(N, X). An easy computation shows that the pair (δ, u) satisfies the equation
Taking into account that δ(n) = ( h j =1 1/j ) Φ(n, 0)x , from relations (3.2), (3.8) and (3.9) we obtain that e Φ(n, 0)x Φ(n + h, 0)x . Since n ∈ N and x ∈ X 2 were arbitrary, we have that
Let (m, n) ∈ Δ and x ∈ X 2 . If m = n + kh + r with k ∈ N and r ∈ {0, . . . , h − 1}, then using (3.10) it follows that
Since Ker P (n) = Φ(n, 0)X 2 , for all n ∈ N, we deduce that
Finally, from relations (3.3) and (3.11) we obtain that Φ is exponentially dichotomic. 2
The second main result of this section is: Proof. Necessity. Let {P (n)} n∈N be a family of projections and let K, ν > 0 be given by Definition 3.1. From [7] we have that M := sup n∈N P (n) < ∞. Let s ∈ p 0 (N, X). We consider the sequence
where Φ(k, n)
we obtain that γ ∈ ∞ (N, X). An easy computation shows that the pair (γ , s) satisfies Eq.
where λ x = sup n∈N Φ(n, 0)x , we have that 
Applications for exponential dichotomy of evolution families
Let X be a real or complex Banach space and let Δ = {(m, n) ∈ N × N: m n}. (N, X) ) is admissible for the evolution family U = {U(t, s)} t s 0 if it is admissible for the discrete evolution family Φ U associated with U .
where for every τ t, U(τ, t) 
